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SLIT HOLOMORPHIC STOCHASTIC FLOWS AND GAUSSIAN FREE 

FIELD 

GEORGY IVANOVO, NAM-GYU KANG^, AND ALEXANDER VASIL’EV# 


Abstract. It was realized recently that the chordal, radial and dipolar SLEs are special 
cases of a general slit holomorphic stochastic flow. We characterize those slit holomorphic 
stochastic flows which generate level lines of the Gaussian free field. In particular, we 
describe the modifications of the Gaussian free field (GFF) corresponding to the chordal 
and dipolar SLE with drifts. Finally, we develop a version of conformal held theory based 
on the background charge and Dirichlet boundary condition modihcations of GFF and 
present martingale-observables for these types of SLEs. 


1. Introduction 


Close connections between the Schramm-Lowner evolntion (SLE) and the Ganssian free 
held (GFF) were hrst discovered in [T3l|T5]. Works in which the connections were fnrther 
investigated inclnde [31E11I61 [T8] . Natnrally, these connections between SLE and CFT 
led to a new interpretation of SLE in terms of conformal held theory (CFT), which was 
given in [Slini[IDl[II]. 

In the case of the chordal SLE(4), the relation with GFF is relatively easy to explain. 
Informally speaking, the random SLE(4) curve can be viewed as a ‘level line’ (or a ‘dis¬ 
continuity line’) of the held 

l>(z) = <h(z) -b u{z), z e H. 


Here <I> denotes the Gaussian free held in the upper half-plane El with the zero Dirichlet 
boundary conditions, and m is a harmonic function given in this case by u{z) = \/2 aigz. 
A key ingredient in the proof of this result is the formula 

( 1 ) dGu{wt{zi),Wt{z2)) = -^d{u{wt{zi)),u{wt{z2))). 

where {wt}t>o is the stochastic how of the chordal SLE(4), and G^{zi,Z 2 ) is Green’s 
function in El. The formula ([T]) is sometimes referred to as Hadamard’s variational formula. 

In [6], chordal, radial and dipolar SLE were realized as particular cases of the slit 
holomorphic stochastic flows. A normalized slit holomorphic stochastic how is the solution 
to the Stratonovich stochastic diherential equation 


( 2 ) 


dwflz) = -b{wt{z)) dt -b y/Ka{wt{z)) o dBt, 
wo{z) = z, 
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where 6 is a semicomplete vector field of the form 

2 

(3) b{z) = - b_i — boz — b_i, b^, bi G M, 

z 

and cr is a complete vector field 

(4) a{z) = — 1 — aoz — cxiz^, do, ui G M. 

In this paper we address the following problem: traces of which slit holomorphic sto¬ 
chastic flows can be regarded as ‘level lines’ of GFF modifications? The formnla ([T]) plays 
an important role in answering this qnestion. 

In [T^ and [TB] it was essential that the fnnction u is bonnded. We relax this condi¬ 
tion, which allows ns to consider chordal SLE curves with drift as level lines of a GFF 
modification with an unbounded u. In particular, we show that the field 


i(z) 


$( 2 ;) - 1 - a 



Im2; -f 



corresponds to the chordal SLE(«:) driven by yJlzBt + at. 

It may happen that one modification of GFF corresponds to several different slit holo¬ 
morphic stochastic flows. We verify that the families of curves generated by such flows 
are indeed closely related to each other. 


Acknowledgments. The authors would like to thank Alexey Tochin for the discussions 
on the subject of this paper. 


2. Definitions 

2.1. Slit holomorphic stochastic flows. Let the vector fields b and a be as in ([3]) and 
dH), respectively, and let {wt}t>o denote the flow of ([2]). The flow {tCt}i>o is called the 
slit holomorphic stochastic flow driven by b and a. 

Some of the properties of slit holomorphic stochastic flows are listed below (see 0 ): 

(a) For t > 0, consider the random set 

Ht = {z E M. : Ws{z) is defined for s G [0, f]}. 

Then, for each f > 0, is a simply connected domain, and Wt is a conformal 
isomorphism wt : Ht ^ H. This Ht is called the evolution domain of the flow 
at the time t. 

(b) Let Kt = 'M.\Ht for t > 0 {Kt is the hull of the flow ([2]) at time t). Then the law 
of Kt is locally absolutely continuous with respect to the law of SLE(fi;) hulls (see 
[HI Theorem 9] for the precise statement). 

The remaining properties are consequences of the absolute continuity of laws. 

(c) The hull Kt is almost surely generated by a curve. 

(d) Let 7 i be the curve generating Kt. Then, with probability 1, 

• if 0 < K < 4, 7 is a simple curve, 

• if 4 <fi:< 8,7 has self-intersections, 

• if K > 8 , 7 is space-filling. 
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The chordal SLE can be obtained as a slit holomorphic stochastic flow with 

b-i = bo = bi = ao = ai = 0. 

After a conjngation with an appropriate conformal map, radial and dipolar SLE can also 
be treated as special cases of ([2]): 


SLE type 
Chordal 

Radial 

Dipolar 


b 

2 

z 

2 z 
z ~ 2 
2 z 

- + N 


a 


-1 




2 


2 


2.2. Gaussian free field. Let D be a simply connected hyperbolic domain in C, and let 
C^{D) denote the space of test functions in D. Recall that a (Schwartz) distribution on 
D is a continnons linear fnnctional on C^{D) (see [T] for details). Let A denote the area 
measnre in D. For p, q G and let (p, q)£(D) denote the inner prodnct, 

(p,q)£:{D):= / 2GDizi,Z2)pizi)q{z2)dA{zi)dA{z2), 

JdxD 

where Go denotes Green’s fnnction in D. The electrostatic potential energy of p in D is 

E{p) = IIpIU(d) = -^1 (p,p)£:(D)- 

An instance of the Gaussian free field (GEE) on D is a random Schwartz distribntion 
on D, snch that for a test fnnction p G G((°{D), the image (<h 2 ? 5 p) is a Ganssian 
random variable with the zero mean and variance ||p||^(£))- The law of GEE is the only 
probability law on the space of distribntions snch that for a test fnnction p G G^{D) the 
random variable (<h£),p) is Ganssian with £($£>, p) = 0, and £($£), p)^ = ||p|||(£)). 

2.2.1. Extension of GFF. Let Dq be a snbdomain on D, and let <hDp : G^(Do) —)■ P) 

be an instance of GFF on Dq with zero bonndary conditions. Then there exists a nniqne 
extension of to G^{D) 

$Do:C'o°°(D)^L2^G,P), 

snch that for every p G G^(D), the random variable (^Dq) P) is zero mean Ganssian and 

E($Do,P)^=l|pi(Do)- 

Therefore, we can treat a Ganssian free held on a snbdomain of D as a distribntion on 
the whole of D. 
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2.2.2. Modifications of GFF. Let m be a harmonic function in D. In particular, u is 
continuous and u G LfifiD,A). We can define the GFF with the mean u as the sum 
$0 = $ 1 ) + M, so that it acts on test functions p G C^{D) according to the rule 

(l>D,p) = ($D,P) + (m,P). 

If u is bounded, then by Fatou’s theorem it is the Poisson integral of a bounded mea¬ 
surable function ug on dD. In this case we can refer to $0 as the Gaussian free held with 
Dirichlet boundary conditions uq. 

If u is only bounded from above or from below, then the Herglotz representation theorem 
implies that it can be represented as the Poisson integral of a signed measure Hu on dD. 

Now, suppose Do is a simply connected subdomain of D, and the Lebesgue measure of 
D \ Do is zero. Let <Fdo = *^*00 + be a modihcation of GFF on Dq, and let p G Cffi{D). 
Even though u is only dehned on Dq, the integral 


(u,p)= / u{z)p{z)dA{z) 

J D 

is still well-dehned, hence $£)(, can be treated as a random distribution on the whole of 
D. 

2.2.3. Pullbacks of distributions and conformal invariance of GFF. Let 0 : Di —)■ D 2 be 
a conformal isomorphism, and let be a distribution on D 2 . The pullback T o 0 of T 
with respect to is the distribution on Di dehned by the formula 

(To0,p) = (vl/,|(0-i)f p(0-i)), peC^iD,). 

If T is an L]^fiD 2 ) function, then this dehnition corresponds to the change of variables in 
the formula 



'F(0(^))P(2;) dA{z) 



^(t(;))'pp(0 ^{w))dA{w). 


The Gaussian free held is conformally invariant, meaning that ^d 2 ° has the same law 
as an instance of GFF in Di. 


2.3. Lie derivatives. Let u be a holomorphic vector held dehned in a simply connected 
domain D F C with a local how fit- Suppose / is a non-random conformal held, i.e., an 
assignment of (f \\(h) : MU) —)■ C to each local chart 6 : U ^ MU). The Lie derivative 
CM of / is dehned by 

^vf = ^ ft, {ft II id)(^) = (/ II fj-t): 

dt t=o 

where id is the identity chart of D. If / = f£, is a non-random smooth (A, A*)-diherential 
in D, then 

Id = o ft, 

where h : D ^ D is a conformal transformation from D onto another simply connected 
domain D C C. In this case, we have 

ffiz) = {M{z))^m^fy{Mz)). 

Thus Lie derivative C^f of a (A, A*)-diherential / is a diherential: 

Cvf = {vd + vd + Xv' + A*u') /. 
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The formulas above can be generalized to n complex variables, simply by extending the 
definition of For example, if / = f{zi ,..., Zn) is a {Xj, A*j)-differential at zj then 


/ ^ a " _ B _\ 

C^f{Zi, ...,Zr,)= f + '^v{Zk) + XjV'{Zj) + X^jV'{Zj) j f{zi, . . . , Zn) ■ 

Va:=1 ^ k=l ^ ) 

If / is a pre-pre-Schwarzian form of order /r, i.e., fD = ffj°h + /ilogh', then 

ft{z) = + f^^ogi)[{z), 


and Cyf becomes 

Cyf = vdf + fiv'. 

Let D be a simply connected domain in C and consider the stochastic flow corresponding 


to 

(5) 


dwt{z) = -b{wt{z)) dt + ^/Ka{wt{z)) o dBt, 
Wo{z) = z, 


z ^ D, K > 0, 


with holomorphic coefficients b, a : D ^ C. Let / be a (smooth) non-random conformal 
held in D. We can write Ito’s formula in terms of the Lie derivatives as 

(6) df{wt{z)) = (^-Cb + fimiz)) + y/KCnfiwtiz)) dBt, 

so that the inhnitesimal generator of the diffusion ([5]) is expressed as 

(7) A=-Cb + ^Cl, 

and the quadratic covariation is given by 

(8) d{f{wt{zi)), f{wt{z 2 ))) = KCaf{Wt{Zi)) Cnf{Wt{z 2 )) dt, Zi, Z 2 G D. 

Let in = —z"‘~^^, n = —2,... 1, and let Gh(^i, Z 2 ) be Green’s function in H, 


Then, 


Gm{.Zi, Z 2 ) 


log 


^1 - ^2 

Zl - Z2 


G^^G-b_{zi, Z 2 ) 


Re 


~n+l _ n+1 

£ 1 ^2 

2:1 - 2:2 


n+1 _ n+1 

fl^2 

2:1 


In particular, if b and a have the form 

(9) 

and 


and (jl]) respectively, then 


CbGmizi, Z 2 ) = 4 Im — Im —. 

Zl Z 2 ' 


(10) CnG-a{Zi,Z2) — 0. 

In fact, the vector held a generates a how of Mobius automorphisms of H, and therefore, 
flTOj) is a consequence of the invariance of Gu{zi, Z 2 ) with respect to such automorphisms. 
Equation (19|) is a special case of Hadamard’s formula, see [13]. 
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3. Coupling of slit holomorphic stochastic flows and GFF 

3.1. Coupling of GFF and chordal SLE. Let X and Y be two random variables, which 
can in principle be dehned on two different probability spaces. A coupling of X and Y is 
a new probability space together with random variables X' and F', such that X' has the 
same law as X, and Y' has the same law as Y. This dehnition can be easily extended to 
more general random objects. In particular, we study couplings of stochastic processes 
(namely, slit holomorphic stochastic flows) with random distributions (modihcations of 
GFF). 

Let be a modihcation of the GFF in H, and let {wt}t>o be a slit holomorphic 
stochastic flow in El with k, G (0,4]. Note that the Lebesgue measure of El \ tc)"^(EI) is 
almost surely zero for all t > 0. 

Let Xt denote the cr-algebra a{ws ■ s E [0,T]}. We are interested in such couplings of 
and <hH that have the following property 


(11) Law 

Thus, for pi,p 2 G C^(EI), 


Xt) = Law(<l)H o wt), for all T > 0. 


E(($h,Pi)|J't) = / u{wTiz))pi{z)dA{z), 
JHt 


and 


Cov ( (4)h, pi), (l>H,p 2 ) 


Xt]= 2GHT{zi,Z2)p{zi)p2{z2)dA{zi)dA{z2). 

J Ht X Ht 


This property implies, in particular, that the curves generated by {wt}t>o can be viewed 
as ‘level lines’ of <hH, see na, [To] . For example, chordal SLE can be coupled with the 
GFF as follows, see [31II51II6]. 

Let stand for the stochastic flow of the chordal SLE(k) 

{ 2 

dwAz) = —dt — JUdBt, 

^ ^ wAz) ^ ' zeU. 

wAz) = z, 


Let be a GFF with zero boundary conditions on iLi, independent of Bt, and let 


uAz) 



arg wAz) 



arg w'Az). 


Let 


+ X- 


Then for every real constant T > 0, given Xt, the laws of the random distributions 4 * 0 ( 1 ^) 
and those of coincide, hence flTT]) holds. Gouplings of radial, chordal, dipolar 

and annulus SLE with various modihcations of the GFF were studied in [7]. 
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3.2. Hadamard’s formula and coupling. The following proposition states that a key 
ingredient for the existence of a coupling of a slit holomorphic stochastic flow and a 
modiflcation of GFF = ^Ht + that satisfles fllll) is the relation 

dGHt{Zi,Z2) = -^d{{ut{zi),ut{z2))). 

This equation is sometimes also called Hadamard’s formula because it describes variation 
of Green’s function, similarly to the formula derived in [5]. 

The proof of the proposition is mostly an adaptation from [laiis]. 


Proposition 1. Let {wt}t>o be a normalized slit holomorphic stochastic flow in El 

dwt{z) = —b{wt{z)) dt + ^/K a{wt{z)) o dBt, 
wo(z) = z, 2 ; G El 


( 12 ) 


with K G (0,4]. Suppose u is a positive harmonic function in El defining an imaginary 
part of a pre-pre-Schwarzian form of order —2b by the rule 


ut{z) = u{wt{z)) - 2b aTgw[{z) 


such that 

(^—Cb + 2^^^) ~ G El, 

and suppose \ut\ is bounded by a continuous function not depending on t. 

Let <Fe be a Gaussian free field independent of the process Bt- Denote Ht := tc^“^(EI), 
:= "he + u, ^Ht •= ° Wt = + Ut, t > 0. 

Suppose that 

(13) dGHtizi,Z2) = -^d{ut{zi),ut{z2)) 

holds for all t > 0 with probability 1. Then for every T > 0, given Bt, the random 
distributions $h(i^) and have the same law, hence gives a coupling 

of GFF with {wt}t>o that satisfies flTTl) . 


The following two auxiliary results are used in the proof of the proposition. 


Lemma 1 (Gonditional Fubini theorem, see e.g. [21 Theorem 1.1.8]). Let (G, P) be a 
probability space, and let {S,Ti,fi) be a a-finite measure space. If 

F e L\S 


then 


and 


E[F{s,u)\g] dfiis) 


< 00, 


F{s, •) dp.{s) I Q 


Us 


= / E [F{s, •) I G] djj.{s) a.s. 

Js 


Lemma 2 (weighted averages of martingales). Let for each z E D, Ut{z) be a continuous 
martingale with respect to the filtration {Bt}t>o, VLnd let for each t > 0, E\ut{z)\ G L]^^{D) 
as a function of z. Then, for every p G G^{D), the weighted average 

Mt{u) := / ut{z) p{z) dA{z) 

Jd 
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is a martingale. 

For a given uo G t MtioJo) is continuous at to if there exists a function U G LLiD) 
such that 

\ut{z,u:o)\ < U{z) for all t e {to - e,to + e), 
or, alternatively, that Ut{z) is continuous at to in the local uniform topology. 

Proof. Let p G C^{D). Then E|Mt( 2 :) p( 2 :)| < oo, so that Ut{z)p{z) G L^{D x ^2, A x P), 
and by the conditional Fubini theorem, for 0 < s < t < cxd, 

E [Mt\iFs] = / E [ut{z) I J^s] p(^) dA{z) = a.s., 

J D 

and 

E|Mi| < [ E\ut{z)\\p{z)\dA{z) < oo. 

J D 

If Ut{z) is bounded by an L;^^^(Zi))-function U{z) for t E {to — e, to + e), then continuity 
at to follows from the dominated convergence theorem. □ 


Proof of Proposition]^ For every hxed 2 ; G H, Wt{z) is dehned for all t G [0, +cxo) with 
probability 1. On the remaining event of probability zero we can dehne Wt{z) arbitrarily. 

The process Ut{z) is a continuous martingale. Indeed, it is a continuous local martingale 
by the ltd calculus, moreover, it is bounded, hence a martingale. Since Ut{z) satisfies 
the assumptions of Lemma [2], the process {ut, p) is a continuous martingale for every 
p G Oo°°(H). 

The quadratic variation of the continuous local martingale {ut, p) is a unique adapted 
continuous process ((Mt,p)) of bounded variation satisfying 

(14) {{uo,p)) = 0 a.s., 
and such that 

(15) (Mt,p)2 - ((Mi,p)) 

is a continuous local martingale, see e.g., m Problem 5.17]. 

Consider 

Mt{zi, Z2) := Ut{zi) Ut{z 2 ) + 2 Gh^Zi, Z2), ^1, ^2 £ H- 

By the ltd calculus and flTdl) . Mt{zi,Z2) is a continuous local martingale for each pair 
^ 1 , 2:2 G H, zi 7 ^ Z 2 . Moreover, Ut{zi)ut{z 2 ) is bounded uniformly for all t > 0, and 
GHt{zi,Z2) is non-increasing by monotonicity of Green’s function. Hence, Mt{zi,Z2) is 
uniformly bounded, and is in fact, a martingale for each 2 : 1 , 2:2 £ m, Z 2 . 

We can apply Lemma [2] twice, and see that 

/ Mt{zi, Z 2 ) p( 2 :i) p{z 2 ) dA{zi) dA{z 2 ) 

7hxH 

= {ut,pf + / 2GHt{zi,Z2)p{zi)p{z2)dA{zi)dA{z2) 

JMxm 

= in„pr + \\preiH.y 

is a continuous martingale. 
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Let US denote Et = By monotonicity of Green’s function, the process Eq — Et 

is monotonically increasing, and hence, is of bounded variation. Trivially, it satishes f[TT|) . 
and by the argument above, it also satishes flT^ . therefore, we can conclude that 

= Eq- Et. 

Let Tt := inf{s : Eq — Eg = t}. By Levy’s characterization of Brownian motion, the 
process (Mrt,p) is a standard Brownian motion started at (m,p). Therefore, (Mrt,p) ~ 
Af{{u,p),t). Consequently, for T > 0, the conditional law of (mt, p) with respect to the 
sigma-algebra Q = a{Es : 0 < s < T} is p), Eq — Et). 

Now, given Q, the random variables ($//y,p) and (mt,P) are conditionally independent 
for p G . Given Q, their conditional laws are 

P) ~ -^(0) Et), {uht, P) ~ p), Eq — Et), 

hence their sum has the law 

($H^,p) ~AA((u,p),£;o). 

Thus, ^Ht has the same law as and the proposition is proved. □ 


4. Slit holomorphic flows that admit coupling with GFF 


It is natural to ask for which slit holomorphic stochastic hows it is possible to hnd a 
harmonic function u satisfying the assumptions of Proposition [H 

4.1. Existence of u. 

Lemma 3. Let {wt}t>o be a normalized slit holomorphic stochastic flow in El 


(16) 


dwflz) = -h{wt{z)) dt + ^/k a{wt{z)) o dBt, 
Wq{z) = z, z G H. 


There exists a harmonic function u as an imaginary part of a pre-pre-Schwarzian form 
Ut of order —2b defined as in Proposition{l\ satisfying the conditions 


(17) 
and 

(18) 


(^-Cb + Uq{z) = 0, for all z eM 


dGHt{zi,Z2) = --d{{ut{zi),Ut{z2))) 


if and only if there exist some constants a,/9 G M such that 

—^/Ka{z) {y/Ka{z) + flz"^) — b \/^z^ {b’{z) a{z) — b{z) (j'{z)) 


(19) 


6(2) = 


2 ; {az + 2) 


for all z G El. 

In that case, u is given by 


( 20 ) 


u{z) = 


- Im 

K 


2 -j- cx z 
z a(z) 


dz + 2b aiga{z). 




10 


G. IVANOV, N.-G. KANG, AND A. VASIL’EV 


Proof. Suppose that such a function u exists. By d?]), ([9]) and flTOj) . we have that 


dGHt{zi,Z2) = {-Cb + GM{wt{zi),Wt{z2)) dt + y/KC^Gu{wt{zi),Wt{z2)) odBt 


= —4Im 


1 


Im 


Wt{zi) Wt{z2y 


By 


1 t\i 

--d{{Ut{Z]),Ut{z2))) = --CaU{Wt{Zi))CaU{Wt{z2)), 


and we rewrite ffTSj) as 


-4 Im ■ 


Im 


K 


CaU{Wt{zi)) Cau{wt{z2)). 


Wt{zi) Wt{z2) 2 
Then in the upper half-plane uniformization, we have 

2 [k 

±Im- = J-Cau{z), 

where the sign choice depends on normalization of the vector held b. In the forward case 
we choose 

2 / \ 

Let M+ be a holomorphic pre-pre-Schwarzian form of order —2b such that u = Imu"''. 
Then in the upper half-plane uniformization 

2 [k 

-Im- = J- ImCaW^iz), 


and 


{a{z){u^y{z) - 2b a'{z)) + a, 


for some real constant a, and (1201) follows. 

Now, to make sure that (ITTH is satished, we calculate 

y2 ■ 


Clu{z) = 2 


Im 


K Z^ 

Here, we use the fact that Lie derivative of a pre-pre-Schwarzin form is a (0, 0)-differential. 
Also we calculate 

h{z) o-'(z) — b'{z) a{z) 


Cbu{z) = -\ - Im 
V K 


, / y 2, cxz 


-TT 

-|- 2b Im 

[ za{z) J 



Thus we have 

K 


A + ) uiz) = Im 


-b{z) 


2 -|- ctz 


K z a{z) 
and condition f[T7|l can be reformulated as 


a{z) 


+ y27^h£) + 2b^A)d£Vf(£)LM 

z^ a[z) 




K ^ z a{z) 
for some real constant fd, and flTbll follows. 


a{z) 
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□ 


Lemma 4. Let 


( 21 ) 


b{z) — — j —h 6_i + bfjZ + biZ^ 


(t{z) = -(1 + aoz + aiz'^). 


Then relation cn]) holds for all z if and only if b = \/k/8 — \/2jK and 
= — a + 4 ( 70 , 

{2a + {k — 4)(To)&-i — {k — 8)bo = —2/3^/K + 2 ko'q — 2ko'i + 24cti, 
(k — 4)(Ti6_i + abo — (k — 6)bi = + 2Kcro(7i, 

{k — 4)(Ji6o — ((« — 4)cro — 2a)bi = {—2ft^/K + 2Kai)ai. 


( 22 ) 


Proof. After substituting fl^ in flT^ and multiplying both sides by 2 ; {az + 2), we equate 
the coefficients at powers of z and arrive at the relations above. □ 

Let a = \f 2 Jn and b = y/ k/ 8 — y/2/K. 

Proposition 2. C/p ® conjugation with a conformal isomorphism, there are only the fol¬ 
lowing four slit holomorphic stochastic flows in El admitting the coupling with the Dirichlet 
modifications of the GFF satisfying m: 

(a) Chordal SLE with drift at, a G M 

2 

b{z) = -h a, a{z) = —1, 

'Z/ 

u{z) = 2a aigz + aa Imz; 

(b) The parabolic (cr(z) = —Ij family with a = 0 


u ^ 2 2fl^ 

b{z) = --z, fl e 

Z K — 8 

u{z) = 2a arg^;; 

(c) Dipolar SLE with drift of, a G M 


b{z) = -- + «+ 2 


z a 


a(z) = -1 + -z^, 


4 ’ ' ^ 4 

u(z) = 2aargz + (2b — a(l + a)) arg(2 — z) + (2b — a(l — a)) arg(2 + z); 
(d) The hyperbolic ((j{z) = —1 + \z‘^) family with a = ±(k — 6)/2 


h( \ 2 K - 6 


4 " 

+ 


K 2fly/K\ , 1 


z ± - \ K — 2 


8 fl i/k 


2 ' K — 8 J 8 \ K — 8 

u{z) = {k — 6)a arg(2 ± 2 ;) + 2a arg^. 

(e) Radial SLE, k = 6, with drift at, a G M, 

b{z) = ~ + a-^ + a^, a{z) =-l-^z"^, 


fl G 


u{z) = —a 


log 


z — 2i 


z + 2i 


+ 


aigz. 
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Proof. We want to find all possible combinations of b and a snch that flT^ is satisfied. 

We identify flows that differ by a conjngation with an antomorphism of H. Let 
be the flow of 

dwt{z) = -h{wt{z)) dt + y/Ka{wt{z)) o dBt, 
wo(z) = z, z G H. 

If 0 : El —)• El is a conformal antomorphism of the npper half-plane, then the flow {wt := 
(f o wt o satisfies 

dwt{z) = -(f)^h{wt{z)) dt + ^/K(t)^a{wt{z)) o dBt, 
wo{z) = z, 2 ; G H, 

with 0 * denoting the push-forward of vector helds, e.g., 

, , , 1 


*cr U = 


cr(0 (z)). 


( 0 -i)'(z) 

We can define an equivalence relation on the set of normalized complete fields by letting 
(j ~ a if there exists an automorphism 0 : El —)■ El such that a = 0*5. This equivalence 
relation partitions the set of a’s into three equivalence classes, and it suffices to work with 
one representative in each class: 


(i) a{z) = —1 (parabolic, as in the chordal SLE), 

(ii) a{z) = —1 -|- ^z^ (hyperbolic, as in the dipolar SLE). 

(hi) a{z) = —1 — jz"^ (elliptic, as in the radial SLE), 

Next, for each of these three vector fields a we apply Lemma 0] to determine vector 
helds b such that flT^ is satished. We simultaneously calculate the harmonic functions 
u using (I20D. For each of these three vector helds a, we have cxo = 0 and therefore, the 
system fl 2 ^ becomes 6 _i = —a and 

{ {k — 8)60 = —2a^ -|- -|- {2k — 24)(Ti, 

abo — {k — 6)61 = ai{K — 4)a, 

{k — 4)cri6o + 2q:6i = (—2/9y^ -|- 2Kai)ai. 

In the parabolic case, we have cxi = 0 and therefore, the system fl2^ becomes 

{k — 8)60 = —2a^ -f- 2 f 3 y/K, 
abo ~ (^ ~ 6)61 = 0 , 
abi = 0 . 

(Case 1) If a 7 ^ 0, then bo = bi = 0 and (3 = o? j^/ k. This solution gives (|aj). 

(Case 2) If a = 0, then bo = 2(3 ^/k/{k — 8 ) and 61 = 0 unless k = 6 or 8 . This solution 
gives (jb]). When k = 6 , then bi can be arbitrary. When k = 8 and 0 = 0, then bo can be 
arbitrary. 

In the hyperbolic case, we have cxi = —1/4 and therefore, the system fl23|) becomes 

{k — 8)bo = —2a‘^ + 2I3 \/k — k/2 + 6, 
abo — {k — 6)fei = (1 — K/A)a, 

(1 — K/A)bo + 2abi = 0i/k/2 -|- k/8. 
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If the solution (bo, &i) to the hrst two linear equations is substituted into the last one, it 
becomes 

(1 - + /3y^)(4a^ - - 6 )^) _ 

(k — 8)(k — 6 ) 

(Case 3) If 1 — = O 5 then we have (bo,bi) = (—1/2, a/4). This solution gives 


(Case 4) If a = ±(k — 6)/2, then we have 

8/5 

k-8 ) ■ 

This solution gives (jd]). 

In the elliptic case, we have cti = 1/4 and therefore, the system fl23p becomes 

(k — 8)ho = —2a^ + 2f5^fK + k/2 — 6, 

aho — (k — 6)61 = (k/4 — 1)q!, 

(k/4 — 1)60 + 2abi = —/i^/K/2 + k/8. 


, 3 — K 2/5\/k 


61 = =F- { k -2 


If the solution (bo, bi) to the hrst two linear equations is substituted into the last one, it 

nppnmpci 

(l + a^-P^)(4a^ + (K-6)^) _ 

(k — 8)(k — 6 ) 

(Case 5) Since a is real, we have (3 = (1 + a^)/^Jll. Therefore, there is only one solution 

2 

b(z) = 

In this case. 


/^^ 2 8 ^ ~ ^ A 2\ 

uiz) = —a-i/— Imarctan—hA/ —argzH -;^arg(4 + 2 ; 

K z y K ^ 


= —a 


log 


z — 2i 


z + 2i 


^ _ 0 

+ \l -aigz 3 -arg(4 + z^). 

K v2k 


However, the branch of arg(4 + ^^) cannot be chosen in such a way that u is continuous in 
the whole upper half-plane unless k = 6, therefore, we cannot apply Proposition [H The 
choice K = 6 leads to the radial SLE(6) with drift ^ . 

To ensure that Ut(z) in (jaj) is bounded by a continuous function uniformly with respect 
to f, we note that 

dlmwt(z) = -2 - — dt, 

\wt(z)\^ 

that is, \m.Wt(z) is a decreasing function. Thus, \ut(z)\ < aalmz + 2a7i, and we can 
apply Proposition [U 

In each of the cases (|b]-le]), the function Ut(z) is bounded by a constant, so that Propo¬ 
sition [1] can be applied as well. □ 


Remark. The cases ([c]), and ^ correspond, respectively, to the chordal, dipolar, and 
radial SLEcj(fi:) (in the last case k = 6) driven by \fikBt + at (Brownian motion with 
drift). In the next two sections, we implement conformal held theory of chordal and 
dipolar SLEci(fi:). 













14 


G. IVANOV, N.-G. KANG, AND A. VASIL’EV 


The case (jb]) was mentioned in [ 6 ], and when k = 4 the curves generated by this flow 
have the same law as the chordal SLE(4) stopped at the time l/(4/S). 


5. CFT OF CHORDAL SLE WITH DRIFT 

In this section, we study certain martingale-observables of the chordal SLE with drift, 
see item Proposition |2], by means of a version of conformal held theory with the 
Dirichlet boundary conditions in which the Fock space fields are constructed by a special 
background charge modification of GEE 4) = 4)(o) with the Dirichlet boundary conditions. 

5.1. Modifications of Gaussian free field. Given a simply connected hyperbolic do¬ 
main D with a marked point q G dD, let us consider a (non-unique) conformal map 
w: {D,q) —)■ (H, oo). For a real parameter b, 4)(b) stands for a background charge modi¬ 
fication of 4)(o) by 

= *^*( 0 ) - 2 bargu;', 

see [9l Section 10.1], where we interchanged b = & in order to be compatible with the 
previous text. The current field J(b) = d4)(b) is a pre-Schwarzian form of order ib, i.e., 
J(t,) = J(o) + ibw"/w'. The held 4)(b) has a stress tensor, and the Virasoro held is given 
by T(b) = —^J * J + ib dJ. The central charge of $({,) is c = 1 — 12 b^. 

Let a = \/2 /k and b = — ^J2/k. For u = aa Im tn, we define a further modifi¬ 
cation of 4)(b) by 

*f*(b,u) *^(b) T Uy J{b,u) ^(b) T ibd U 

as in [HI Proposition 10.5]. This proposition also says that the vertex fields V(b,u) = 
with 2a(a -|- b) = 1 produce degenerate level two singular vectors. In a similar way, the 
OPE exponentials T)b\) of produce degenerate level two singular vectors 

(24) = 

where T = T(b,n)- Alternatively, this can be shown by using the action of the Virasoro 
generators L„, see 0 Section 7.4], and the current generators J„, see 0 Section 11.1]. The 
held T]b\) ^ current primary holomorphic held of charge q = a. The OPE exponential 
^(bu) defined as a differential of conformal dimension A = (6 — k)/{2k) at 2 ;, and 

in the H-uniformization. 


5.2. Connection to the chordal SLE with drift. Let p G dD,p 7 ^ q. Denote 


E[U: 


E[V(t)A 

ElLGl 




where X [s a. Fock space functional/field. The insertion of . is 

an operator A 1 —)■ A defined on the Fock space functionals/flelds. It is a linear opera¬ 
tor commuting with the differential operators d, d and preserving Wick’s product. For 
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example, with u = aa Im w, 

+ 2aargw = $((,) + aa Im w + 2aaTgw. 

The connection between the conformal held theory and the chordal SLE ([9l Proposition 
14.3]) can be extended to the SLE with drift. Let gt be the one-parameter family of Lowner 
maps driven by + at : 

dtgtiz) = 

9t{z) - 6 

where Bt is a standard Brownian motion starting from 0, and go : {D, p, q) —)■ (H, 0, oo) is a 
given conformal map. Denote by SLEQ(fi:) the Lowner evolution driven by = \fKBt + at. 
Let 

Dt ■■= {z e D : Tz > t}, 

where is the hrst time when the solution gt{z) to the Lowner equation does not exist. 
The SLEa(A) curve 7 is dehned by 

7t = + 

z^O 

Then for each t, Wt := gt — ^t is a well-dehned random conformal map from [Dt, 7 ^, q) onto 
(H, 0, 00 ). 

Denote by -T(b,ii) the OPE family of 4’(b,u) with u = aalmw. We call a non-random 
held M a martingale-observable for SLEQ(fi;) if the process 

■ ■ ■ ) Zn) M' ' ' 1 Zn) 

is a local martingale on SLE probability space. Of course, it is stopped when for any of 
z/s there exits Dt. 

Theorem 1. If Xj G X(^b,u) {u = «« Ilu w), then the non-random fields 

M{zi, ■■■ ,Zn) = E[Xi( 2 ;i) • ■■XniZn)] 
are martingale-observables for the chordal SLEq,(k) with drift. 

Proof. Let ^ G M, and let V = We have 

E[l/(0] = 

in the H-uniformization, It follows from Ward’s equation that 

(25) E[r * V{i)X] = E[r(01 E[l/(OX] + E|£„jl/(OX], 

for X = Xfizi) ■ ■ -Xn^Zn), X G J^(b,n), wliere v^{z) = l/(^ — z). In the H-uniformization, 
we have 

1 

(26) E[T( 0 ] = --(a«)^ = ^. 

Let 

^ E^[X] := E[l/(OX]. 

= ~aa^R(^ + E[a^l/(OW], 


Then we obtain 
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and 

= (^^aa^yR^ - E[agV(0^]. 

By the level two degeneracy eqnation fl2^ for V, we arrive at 

= E[r(01 R( - E{T * l/(O.Y], 

It follows from (12^ and fl2^ . that 

^S| Ejl.Y] = -\adf%\X] + E5|£„,A']. 

This is the BPZ-Cardy eqnation for conformal held theory of the chordal SLEa(A) 
Now the process Mt := MDt,'yt,q is represented in terms of -Rg, and gt : 

By Ito’s formnla we have 


t\j 

dMt = {y/ndBi + adt) +—8“^ dt + Rdt, 


where 


L ■=A 

‘ ■ ds 


s=0 


II 9t + s )- 


As in the chordal SLE withont drift, we have Lt = —|| g^ By the BPZ-Cardy 
eqnation, we have 

1 


a2V-«h=6 

and thus, dMt has a vanishing drift term. 




□ 


Remark. A physical interpretation of the boundary condition changing operator will be 
given later, see the last remark in Subsection 16.21 


6. CFT OF DIPOLAR SLE WITH DRIFT 


This part of the paper was inspired by analogous reasonings in |8]. Let D be a simply 
connected proper subdomain of C, and let q-,q+ G dD be two marked boundary points. 
We write Q for the marked boundary arc from g+ to g_ in the positive direction. 

A dipolar SLE„(k) driven by + at is dehned by 

dt 9 t{z) = coth —-), So = 0, 

where is a given conformal map from D onto the strip S := {2; G C : 0 < Im^; < tt} 
which maps Q onto the upper boundary tt* -|- M of S. Let 

Wt = gt-lu := tanh(2;/2), = g^ = ipog^^ Wt = ip o w^. 


Then gt satishes 


dtgt{z) 


1 - (jKz) 1 - ^tgtjz) 
2 6 - 9t{z) ■ 
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Also, it follows from Ito’s formula that 

dwt = — — (1 — w‘j) dt H-^ dt — —wAl — wf) dt — ^^(1 — w?) dBt. 

2^ i; 2^^ 4 iv tJ 2 ^ * 

Note that Wt is a normalized slit holomorphic stochastic flow from Dt := {z ^ D : Tz > t} 
(as in the chordal case, is the first time when the solution gt{z) to the Lowner equation 
does not exist) onto the upper half-plane El with the semicomplete vector field 


b{z) 


a 

2 


(1 - 


1-z^ 

2z 


and the complete vector held 


The helds b and a are equivalent to those in Proposition [2] ([c]) via 0 : El ^ H, z ha 22:. 
Furthermore, the process ^t satishes 




= -(l 
2^ 


K 


K 


dt - -6(1 - a) dt + V(i - e*) dBt. 


6.1. Review of dipolar CFT. We consider a conformal transformation w from (H, g_, g+) 
onto (El, —1,1). Recall that we set b = ^^/k/8— ^/2/k. Let us dehne a background charge 
modihcations $([,) by 

TV^ 

$(b) = $( 0 ) -2barg(^— ^). 

Note that $((,) does not depend on the choice of w. As in the chordal case, the current 
held J(b) and the Virasoro held T(t,) change accordingly. 

Before we introduce the boundary condition changing operator, let us recall the dehni- 
tion of OPE exponentials ■ 

_ j^ 4 -(T,rt;r_,T+)j'^^ ^©i(r<I>+^(z)-rtj( 2 )+r_<I>+j(g_)-|- t+ 4>J|0g+)) 

under the neutrality condition (NCq) : 


r + r* -f r_ -h r+ = 0. 

Here, the correlation part = E jg given by 

(27) M^r,r,-,r.,r+) _ ^ W^'{1 - wY* (1 + wY* {w - ih)^^* 

X {w'_Y-{wY^+ {w'Y{w'Y*, (w± = w'{q±)). 

The dimensions [A, A*; A_, A+] and exponents z/^, uf are 

0-2 . j -2 

A = y-rb, A* = y-r*b, A± = y, 
and = r(b -h r±), uf = r*(b + r±). 

On the other hand, the Wick part of is Wick’s exponential of the formal 

helds 

+ ^-®J))(w) + r+$+)(g+)). 
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where the formal helds have the formal correlations 

E[^J))(^)‘^J))(^o)] = log E[<h+)(2:)<h^o)(^o)] = log(w(^) - m;(^o)), 

and satisfy the relations 


*^(0) *^(0) ^(0) *^(0) *^(o) *^(o)' 

Note that Wick’s exponential is a well-dehned Fock space held as long as the nentrality 
condition (NCn) holds. Fnrthermore, the OPE exponentials O = satisfy 

Ward’s OPE 


T{C,)0{z) ~ A- 


0{z) , d,0{z) 


+ 


(C -t z), 


'{C-zY ' C-z' 
and a similar OPE holds for 0 with A*. See uni Proposition 4.2] 


6.2. Connection to the dipolar SLE with drift. Fix a = \/^2Jk and b = \/k/ 8 — 
\/2jK as usnal. For a real parameter S, we now introdnce the bonndary condition changing 
insertion held 

._ ^(“>0;-(a-(5)/2,-(a+(5)/2) 

The insertion of 

= exp (o*(a<F+)(0 - ^<F+)(g-) - ^$+)(g+))) 

is an operator df —)• Tf on Fock space fnnctionals/helds. For example, 

$(a) = $((,) + 2a aigw - {a - 6) arg(l + w) - {a + 6) arg(l - w), 

where tc is a conformal map from {D,p, q_, g+) onto (H, 0, —1,1). The held is a holo- 
morphic cnrrent primary held of charge a and it has conformal dimension h = {6 — k)/ {2k). 
It satishes the level two degeneracy eqnation 

(28) ='^d'^¥. 

Let 

' ' ■ Ei<i<^(p)i ■ 

Theorem 2. If Xj G X(b) o.iT'd if S = aa, then the non-random fields 

M{zi, ■■■ ,Zn) = E[Xi(^i) • ■■XniZn)] 
are martingale-observables for the dipolar SLEq(k) with drift. 


Proof. Combining the level two degeneracy eqnation (|28|) for with Ward’s eqnation 
m Proposition 3.3] we have 

(29) E|<I-‘(0C„,A'] = E[S|'I'‘(?).V - E[Sj>I>‘(?).V 

'3^2 _ 1 


+ (^ - -h +b^-h+- E[T‘^(0W] 


2 
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for the tensor product X = X(^zi) ■ ■ ■ Xn{zn) of fields Xj in X(b)- Here, 

are dimensions of at q±, and is the usual vector field, 


= 


1- z‘^l-^z 


2 

Note that all fields in fl29p are evaluated in the identity chart of upper half-plane. 
Let 

-Rf - in ■ £[$'(0] ■ 

Recall that (see fl271L 

E[d^'5(^)] = MM;-(a-5)/2-(a+5)/2)^^^ ^ (1 + 


in the upper half-plane, where = —h =F 0(5/2. Due to the relations 

8; E1»1>*K).Y] 1/- 

E1<I>‘K).Y| R( e-1 { + 1 

and 

3| E|'I'‘(e)A'] p5E|<I>‘K).Y]y _S|n (dfR^V i>+ v. 

E|<I><K)A] V E[<i><K)n 5 Rt \ Rt ) «-iP K + T’ 

we rewrite (129]) as 

(30) Ejl£.,p'] = h(i _ f)3R^ + - e(l - e)dRi). 

This is the BPZ-Cardy equation (cf. [IHl Proposition 5.1]) for the conformal field theory 
of the dipolar SLE with drift. 

Now the process Mt{zi, • • • , Zn) = • • • , Zn) is represented as 

Mt = m{^t, t), m{^, t) = {R^ || g-^). 


By Ito’s formula, Mt is a semi-martingale with the drift term 


cy K (1 — \ d 

77(1 - + -ji- —- e(l - ^ __S^i II 9i+s) dt. 


4^ 2 

Similarly to the chordal case, we have 

d 

ds s=o 




s=0 


{Ri\\9t+s) = -{d^v^RitWdt )• 


It follows from the BPZ-Cardy equation that 


d 

ds 


{R^ II 9t+s) 




m(.^, t) dt. 


Hence, the drift term of Mt vanishes if we choose 5 = aa. 


□ 
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Remark. For a positive real q and a G M, let 5 = (aa/2) ■ q and 


^^(0, -g, q) = C)F.0;-(a-5)/2,-(a+5)/2) 


in the npper half-plane. Denote 


E^[A’] 


For example, 


E[vl/^(0,-g,g)df] 
E[^^(0,-g,g)] 


E*^ [ <F(o) ( 2 ;)] = 2a arg 2 ; — {a + 6) arg(g — z) — {a — 6) arg(g -|- z) 


in the npper half-plane. As g —)■ 00 , we have 

F[<F(o)(2:)] 2a&Tgz + aalm z = E[<F(o,n)(2:)], 

where u{z) = aalm z. Thus one can view the conformal field theory of the chordal 
SLEq(k) as the limiting theory of that of dipolar SLEq(k) as two boundary marked points 
merge. 


6.3. Cardy-Zhan’s formula. We now extend Cardy-Zhan’s formula (see [19]) in the 
dipolar SLE without drift to the case a G (—1,1). 

Denote by iF* := { 2 ; G § : < t} the hull of dipolar SLE with drift. Then S \ has 

two component, S± (—00 G 5_, -|-oo G 5+). Now we suppose k > 4 and ABC is a triangle 
with 

ZA = (1 -)7r, AB = —(1 -|- Q!)7r, AC = —(1 — a)7r. 

Consider a Schwarz-Christoffel map / from a strip § onto the triangle ABC such that 

/(0) = A, /(+oo) = i?, fi-^) = C. 


Proposition 3. Suppose f{z) = aA + bB + cC with a + b + c = l,a,b,c eM.. Then 
P[z G AToo] = a, P[^ e S+] = 6, P[z G S_] = c. 


Proof. Let Zt = gt — = \fi^Bt + at. Then by Ito’s formula, we have 

df{Z,) = -^nzf) dB, + (|/"(Zi) + (coth ^ - a)nzS)dt. 


Let h{z) = /(log 2 :). The process f{Zt{z)) is a local martingale if and only if the map h 
satisfies 


(31) 


h"(z) 

h'{z) 


4 1 

KZ — 1 



1 

2; 


Due to our choice of Schwarz-Christoffel map /, the function h maps El conformally onto 
the triangle ABC and h(l) = A, h(oo) = B and h(0) = C. Thus h satisfies fl31l) . Note 
that / is bounded and its continuous extension to dS is analytic on each component of 
dS \ {0}. Thus for z G S \ {0}, the stopped process f{Zt{z)), (0 < f < r^) is a martingale. 
If 2 ; G Koo, S+, S-, respectively, then f{Zt{z)) tends to A,B,C, respectively, as f —)■ r^. 
Proposition now follows from the optional stopping time theorem. □ 
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In the last remark below, we identify the Cardy-Zhan observables with martingale- 
observables derived from conformal held theory of dipoalr SLE with drift. First, note 
that under the insertion of \h'^(p)/E[\h'^(p)], the OPE exponentials the 

neutrality condition (NCq) have the correlation functions (1-point vertex-observables) 


(32) = (1 - wy^{l + wf~{l - wf* (1 + wf* {w - 

X {w'_y- {w'yj^+ {w'Y(w'Y% (w^ = w'(g±)), 

where the dimensions [A, A*; A_, A+] and exponents are 


A 





(a ± 6)t± 


and = r(b —(a±5)/2-|-r±), Df = r*(b —(a±5)/2-|-r±). The changes from (^I7h to fl52]) 
can be derived from the rooting procedure (see mm) or algebra of OPE exponentials 
(see 0). 


Remark. The Cardy-Zhan observables in Proposition [3] are real-valued non-random helds 
with all conformal dimensions zero. The constant held is the only vertex observable 
satisfying such dimension requirements. However, one can identify their derivative with 
a vertex-observable which has conformal dimensions 

A = 1, A^, = A_|_ = A_ = 0. 

Note that a vertex observable ]\^(-2a,0;a-<5,a+5) such dimensions. In the (H, 0, ±1)- 
uniformization, we have 

j^{-2a,0-,a-5,a+5) _ ^. 


It follows that 

g^{-2a,0-,a-5,a+5) 

J^{—2a,0-,a—5,a+5) 

Compare this in the (H, 0, 


41/ 2, x\l / 2, ,\ 

-h ( — IH (1 — tt))- - —h ( — IH-(l-|-tt)] 

—1, l)-uniformization to fl3T|l in the (H, 1, 0, cx3)-uniformization. 


2 + 1 
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